Abstract In Part I of this set of two companion articles we presented a new, rigorous method to obtain the seismic response of horizontally layered, viscoelastic (or elastic) half-spaces caused by antiplane (SH) sources anywhere. This method is formulated directly in the time domain, and can be applied even in the absence of attenuation. This article (Part II) generalizes the concept to SV-P line sources and to three-dimensional point sources, including seismic moments.
Introduction
This article describes a novel procedure to obtain the response of layered media to plane sources and/or point sources acting anywhere in the medium. The method is cast directly in the time domain, so it circumvents the usual difficulties associated with the waviness of the frequencyresponse functions due to resonances in the layers. To avoid duplication of material and descriptions, refer Part I (Park and Kausel, 2006) of this set of two companion articles for a succinct introduction to the method and for a review of related and past work. Thus, we assume in the ensuing text that the reader is already familiar with Part I.
Response of Homogeneous Half-Space in k-t
Designating the wavenumber-time domain with the abbreviation k-t, consider an elastic half-space z Յ 0 of mass density q H , dilatational wave velocity ␣ H , and shear-wave velocity b H subjected to an SV-P source (tractions) arbitrarily distributed over its surface. Thus, the source term (i.e., the body-force vector) is of the form b (x, z, t) p (x, t)
or more compactly
in which p(x,t) describes the temporal-spatial variation of the load (i.e., external traction) at the surface. A spatial Fourier transform of equation (2) gives
Ύ ‫מ‬ϱ in which k is the horizontal wavenumber, and p (k,t) is the spatial Fourier transform of the source. As shown by Park and Kausel (2004a) , the exact response in direction i at depth d ‫ס‬ |z| in the half-space caused by an impulsive, spatially harmonic SV-P source in direction j at the surface z ‫ס‬ 0 is of the form (4) i, j ‫ס‬ x, z, which consists in the scaled sum of a Rayleigh pole term R ij ‫ס‬ R ij (k, z, t) ϵ R ij (c, d, s) and a branch integral B ij ‫ס‬ B ij (k, z, t) ϵ B ij (m, d, s) . The detailed expressions for these two terms are given in Tables 1 and 2 , respectively, with d ‫ס‬ |z|, s ‫ס‬ kb H t, and c ‫ס‬ C R /b H (the ratio of the Rayleigh and shear-wave velocities in the half-space). Also, n H ‫ס‬ 1/2Q H is the fraction of damping, with Q H (k) being the quality factor of the half-space (which can, but need not depend on k), H is the Heaviside function, and s p is the dimensionless arrival time of P waves at depth d (given in Table 1 ). Table 3 summarizes the result for the special case d ‫ס‬ 0 (i.e., surface of half-space).
From Tables 1 and 2 (or 3), we observe that g Hxx , g Hzz are purely real and symmetric with respect to positive/negative values of the horizontal wavenumber, whereas g Hxz , g Hzx are purely imaginary and antisymmetric with respect to this wavenumber; this ensures that the inverse Fourier transforms into space are purely real. Thus, it is convenient to write the Green's functions matrix in terms of purely real functions ḡ H ij (k, d, 0, t) as (see also Appendix I)
Also, on account of the principle of reciprocity, the response at the surface due to an impulsive, spatially harmonic source at depth d is Table 1 Rayleigh Pole Term 
Hzz Hzz
Observe that the coupling terms exhibit not only a reversal in the signs, but also an exchange of the subindices. At first glance, it would seem that the evaluation of the impulse-response functions in equation (4) entails a significant computational cost because of the necessity to determine numerically the branch integrals. However, this is not so. First, for any given Poisson's ratio, the branch integrals need be computed only once and then solely for a unit wavenumber k ‫ס‬ 1 and unit shear-wave velocity b H ‫ס‬ 1, and in most cases, only for d ‫ס‬ 0 (Table 3) . Second, these integrals can be precomputed efficiently once-and-for-all for a sufficiently dense set of dimensionless times, and then placed into an appropriately indexed lookup Xu and Mal (1987) , which is based on a ClenshawCurtis approach with Chebyshev polynomials. Also, the tails of the improper integrals can be expressed analytically in terms of simple asymptotic expressions that lead to the sine integral function, for which efficient expressions are readily available (see Park and Kausel, 2004a) . Once tabulated, function values for actual dimensionless times are obtained by fast access to the lookup table followed by, say, cubic spline or four-point Lagrange interpolation. Thus, once the table for any given Poisson's ratio has been assembled and stored in the computer, the computation of the branch integrals is virtually instantaneous, whatever the actual problem being considered.
Response of Layered Half-Space in k-t
Consider next a layered system consisting of L material layers underlain by an elastic half-space H. Without loss of generality, we place the origin of coordinates at the interface of the layers and the half-space so that the layers have a positive vertical coordinate. To obtain the response in k-t, we resort once more to the principle of superposition and proceed to separate for this purpose the layered system from the half-space, thereby creating two distinct free bodies, one of which contains the source (figure 2 in Part I [Park and Kausel, 2006] ). We preserve dynamic equilibrium by applying appropriate, at first unknown horizontal and vertical trac- Table 3 Green's Functions at Surface of Half-Space (d ‫ס‬ 0) (Definitions as in Tables 1 and 2 )
Tight approximations to Rayleigh terms as functions of Poisson's ratio:
tions on the surface of the half-space, and equal and opposite tractions underneath the now free layers. For the sake of conciseness, and because of the strong similarity to the SH case, we describe here only the case of a source somewhere within the layers, and leave to the reader the case of a source within the half-space as an exercise. It differs from the SH case only in the need to consider the changes in sign and subindices for the coupling terms of the source term according to equations (6b) and (6c).
The free layers can be visualized as a laminated plate subjected to two sources, namely the actual source within the system of layers, and the as-yet-unknown tractions at the bottom interface, which equal the internal stresses of the complete system at that location. Let g Lij (k, z, zЈ, t) be the impulse-response function of the layers in k-t at elevation z and direction i due to an impulsive, spatially harmonic source at elevation zЈ in direction j. In analogy to the halfspace case, we write the Green's functions in matrix form as
In a later section, we provide a description of how to effectively obtain g L (or ḡ L ), but for now, we shall assume it to be known. Hence, by superposition the response anywhere in the layered system is given by the time convolution
are the unknown internal stresses at the interface of the layers with the half-space. In particular, at the bottom interface
On the other hand, from the previous section, the displacement caused by the internal stresses s(k,t) at the surface of the half-space is (11) to be equal at all times, which leads to
As in Part I (Park and Kausel, 2006) , we proceed at this point to discretize the convolutions in time by means of appropriate timesteps Dt such that t ‫ס‬ j Dt, j ‫ס‬ 0,1,2, . . . . Furthermore, we denote discrete values of the various functions in the convolution as
The discrete version of equation (12) is then
Evaluating equation (14) from time t ‫ס‬ 0 on, we obtain the sequential system
which leads immediately to the recursive system of equations for the unknown stresses
As written, the solution to equation (16) and similar expressions for G, H. Hence, defining the real vectors s n ‫ס‬ Qs n , p n ‫ס‬ Qp n , the complex-valued iteration of equation (16) can be changed into the purely real iteration
Having obtained the time history of the internal stresses at the interface of the layers and the half-space, we can proceed to compute the k-t response anywhere by means of equation (8), and thereafter the response in space-time by an appropriate inverse integral transform, as described in Appendix I.
Green's Functions in k-t for Sources in the Layers
Proceeding as in Part I (Park and Kausel, 2006) , we express the real form of the Green's functions (see equation 7) for the upper layered system in terms of the normal modes as (see also Appendix II):
in which the j (z, k) are the modal vectors for free waves with prescribed horizontal wavenumber k that are able to propagate in the layered plate with characteristic modal frequency x j (k), and n j ‫ס‬ 1/2Q j is the fraction of modal damping, with Q j ‫ס‬ Q j (k) being the modal quality factor. The latter may optionally depend on k and is typically assumed to be the same in all modes. Also,
is the damped modal frequency. As in Part I (Park and Kau- Figure 1 . Two-layered system underlain by a homogeneous half-space.
sel, 2006), we recognize the first two factors in equation (19) as the impulse-response function of a viscously damped, single degree of freedom system with undamped frequency x j , damped frequency x dj , and unit modal mass. In principle, the normal modes and frequencies follow from the solution of a transcendental eigenvalue problem for the layered system at hand, but by making use of the thinlayer method (TLM) described compactly in Appendix II, the computation of the modes simply entails finding the eigenvalues and eigenvectors of a pair of real, narrowly banded, symmetric, positive definite, block-tridiagonal matrices that depend solely on the material characteristics of the layer, so all eigenvalues are real and nonnegative.
Modeling and Stability Considerations
As in Part I (Park and Kausel, 2006) , the timestep used to solve equation (16) must be shorter than the shortest period T min of the system of layers, which is in turn controlled by the highest frequency in the eigenvalue solution and depends on the model refinement. As before, we have again found that Dt ‫ס‬ T min /4 suffices for stable computations. In general, the TLM model should also be refined enough to be able to capture the frequency content of the excitation, that is, it should have enough thin layers so that the model's highest eigenfrequencies exceed the highest frequencies of the source by some factor.
Example 1: Plane (Two-Dimensional) Vertical Source
Consider a two-layered system 0 Յ z Յ H, H ‫ס‬ H 1 ‫ם‬ H 2 underlain by a homogeneous half-space z Յ 0, as shown in Figure 1 . The origin of coordinates is placed at the bottom of the layers, which coincides with the top of the half-space. Both the layers and the half-space are assumed to be fully elastic (i.e., no attenuation!). This system, which is characterized by the material properties indicated in Table 4 , is subjected to a plane, bell-shaped vertical source at an elevation zЈ ‫ס‬ 5 km in the lower layer (i.e., a depth of 15 km below the surface). This source has the form of tractions in a horizontal plane at elevation zЈ (see Fig. 2a ) of the form
in which t d ‫ס‬ 2 sec is the duration of source, and a ‫ס‬ 1 km is the half-width of source, which is small enough for the source to be seen as an approximation to an ideal line load. The response is desired for a total time of t max ‫ס‬ 30 sec up to a maximum range x max ‫ס‬ 40 km.
Wavenumber Content of Source
Considering only the term that depends on x, the spatial Fourier transform of the source is found to be 2 ‫ם‬a
The amplitude of the source drops off with wavenumber and can be neglected for, say, ka Ͼ 4p, which means that the maximum wavenumber needed in the inverse Fourier transformation over wavenumbers can be taken as k max ‫ס‬ 4p/a ‫ס‬ 4p. Also, since the maximum time of interest is t max ‫ס‬ Figure 2 . Spatial (upper) The source strength decreases with the cube of the frequency, and can be neglected above, say, x max t d ‫ס‬ 4p. Thus, the modal summation will contain enough modes if the highest modal frequency included in the computation is not less than this threshold, that is,
To find the modes of the two-layer upper part, we resort to a TLM model (Appendix II) with a sufficient number of thin layers; to decide on this number, we must establish lower bounds to the modal frequencies for zero horizontal wavenumber. Now, we know for a fact that these frequencies must be higher than the frequencies of a uniform plate with the same total thickness H but possessing the lower of the two shear-wave velocities b ‫ס‬ b 1 ; these frequencies are x j ‫ס‬ jpb/H ‫ס‬ jp/20 for the shear modes, and x j ‫ס‬ jp␣/H for the dilatational modes. Setting jp/20 Ͼ 2p, we obtain j Ͼ 40, that is, we need at least 40 accurate modes, which requires no less than 40 thin layers when using a TLM model with a linear expansion. To be on the safe side, we choose a TLM model with 80 thin layers of equal thickness (i.e., 40 in each physical layer). Using this model with k ‫ס‬ 0 and k ‫ס‬ 4p (the maximum wavenumber), we obtain in each case 162 modes whose first few frequencies (in rad/sec) are shown in the following table. We see that x max ‫ס‬ 2p ‫ס‬ 6.283 is exceeded by the 52nd mode when k ‫ס‬ 0, so that will be the maximum number of modes used in the model.
Timestep
The period that corresponds to the last mode used for k ‫ס‬ k max is T min ‫ס‬ 2p/x 52 ‫ס‬ 2p/15.95 ‫ס‬ 0.393 sec, so Dt Ͻ T min /4 ‫ס‬ 0.098 sec. Also, the impulse-response functions of the half-space have oscillations with dominant dimensionless period on the order of s ‫ס‬ k b T ‫ס‬ (4p) such that a light gray is for zero amplitude and a dark grey is for whatever the maximum amplitude in that snapshot is. Although this improves the visualization, it also exaggerates somewhat the contrast for snapshots at later times, inasmuch as displacements evanesce with time. The location of the wavefront in each snapshot is consistent with the position of the source and the magnitude of the wave velocities in the two-layered system and half-space considered for this example. One can clearly observe the reflections, refractions, and the Rayleigh waves at the surface.
Example 2: Vertical (Three-Dimensional) Point Source
We consider again the problem of example 1, but this time we subject the system to bell-shaped, cylindrical tractions in a horizontal plane at elevation zЈ of the form
which has the same time variation and elevation as the example of a plane-strain load and is constant with the azimuth (i.e., n ‫ס‬ 0). For a sufficiently small radius a, the bellshaped tractions simulate a vertical point load. The zerothorder Hankel transform of the spatial part of the load (see also Appendix I) is
in which ḡ xz , ḡ zz are the impulse-response functions at elevation z obtained as described in this article, which are identical with the real form of the impulse-response functions used earlier in the plane-strain problem. Also, the asterisk between the temporal term and the integral denotes a convolution, because the load is not impulsive.
Observe that the wavenumber spectrum of the load drops exponentially with the wavenumber squared, and it is negligible when the wavenumber exceeds, say, ka ‫ס‬ 2p, because exp(‫מ‬p 2 ) ‫ס‬ 5.1 ‫ן‬ 10 ‫5מ‬ . Hence, for a ‫ס‬ 1 km, the maximum wavenumber is k max ‫ס‬ 2p, which is half as large as that used for the plane-strain load. The temporal variation is identical with that case, so the same considerations concerning frequency contents, maximum frequency, and timestep apply. Hence, the same number of modes can be used, and the same wavenumber step Dk applies, but the number of wavenumbers can be halved on account of the smaller k max . Figure 4 shows a set of six snapshots of the displacement field u, w, obtained via equation (30), and calculated at times t ‫ס‬ 5.0, 10.0, 15.0, 20.0, 25.0, and 30.0 sec. Inspection reveals that the snapshots for a point load in Figure  4 are similar, but not identical with those for a line load in Figure 3 . Indeed, the wavefronts are sharper, which is consistent with the interpretation of a line source as the aggregate of infinitely many point sources placed along a straight line. Thus, the attenuated and retarded responses elicited by the more distant point sources broaden the wavefronts of the line load case.
Conclusions
An effective computational method for the simulation of synthetic seismograms due to line sources and point sources acting within layered half-spaces was presented in the context of a formulation in the wavenumber-time domain. The proposed algorithm has the following characteristics:
• The response is found directly in the time domain by Fourier synthesis over horizontal wavenumbers. Thus, typical problems encountered in other methods, such as resonances in the layers, are avoided, especially in systems with little or no attenuation.
• In principle, the method allows for sources with arbitrary spatial and temporal variation. Nonetheless, the numerical integrals over wavenumbers are most effective when the sources are band limited in the wavenumber domain. In the examples presented, this was the motivation for the simulation of line and point sources via distributed (bellshaped) sources that are spatially smooth and narrow.
• The method relies on a combination of the impulseresponse function for the layers with those of the halfspace. An effective strategy for obtaining the former is by means of the TLM, whereas the latter emanate from branch integrals that are precomputed accurately once-and-for-all and then placed in a lookup table for further use with any arbitrary layered system. • There is virtually no difference in the computational steps between two-dimensional line sources and three-dimensional point sources. Indeed, these two cases differ mainly in the inverse transforms used to revert from the wavenumber domain to the space domain: a Fourier transform for the former, and a Hankel (or Fourier-Bessel) transform for the latter. In most cases, these transformations can be accomplished "on the fly," that is, accumulated within the loop over wavenumbers, a strategy that sidesteps the need to store the Green's functions and modes for posterior transformations. 
Appendix I Response to Line Sources versus Point Sources
In this article we consider both plane-strain sources and three-dimensional sources acting within horizontally layered media. As it turns out, these two problems are intimately related. When the equations of motion for impulsive, threedimensional point sources acting within horizontally layered media are written in cylindrical coordinates and then converted into the wavenumber domain by means of a Hankel (Fourier-Bessel) transform, it is found that the resulting Green's functions are virtually identical with a combination of the Green's functions for the SV-P and SH plane-strain line sources. The main difference is in the lack of an imaginary factor for the coupling terms, and the integral transform used to revert back to the space domain. Thus, in the wavenumber domain method employed in this article, we can use essentially the same formulation for plane sources and for three-dimensional sources. Although a full proof of the connection between the plane strain and three-dimensional cases is beyond the scope of this article, we present in the ensuing a concise sketch with enough details as needed herein. Further related details and proofs can be found in Kausel and Roësset (1981) , for example.
Two-Dimensional Case
Consider a horizontally layered medium subjected to a plane source (or body load) of the form
in which zЈ is the elevation where the external tractions p(x,t) are being applied. A spatial Fourier transform yields
Ύ ‫מ‬ϱ
In particular, a set of impulsive line loads in each of the three coordinate directions j ‫ס‬ x, y, z is of the form
in which e is the 3 ‫ן‬ 3 identity matrix that results from collecting the three unit load vectors in the three coordinate directions. This produces a displacement field or Green's functions matrix that has the general structure
It will also be found that the impulse-response functions g xx , g yy , g zz are purely real and symmetric with respect to positive/negative values of the horizontal wavenumber k, whereas g xz , g zx are purely imaginary and antisymmetric with respect to this wavenumber. This ensures that the inverse Fourier transforms into space are purely real, that is,
That equations (A8a) and (A8b) are indeed a pair of FourierBessel transforms can be demonstrated as follows. Consider three sufficiently well-behaved functions f j (r), j ‫ס‬ 1,2,3, for which the transformation from radial distance to radial wavenumber
which can be written in the fully diagonal form
This is a set of three self-reciprocating Hankel transforms, that is,
which after rearrangement attains the desired form
To complete the proof, it suffices to consider the orthogonality of the trigonometric terms in T n , which are
in which the d mn are Kronecker delta functions. The result on the right-hand side is the reason for the scaling factor c n used in the forward transform. A pair of transforms similar to equations (A8a) and (A8b) also hold for the displacement vectors:
in which ḡ is the real form of the Green's functions matrix obtained from equation (A3), which does not depend on the azimuthal index n. It can also be shown that these equations do indeed satisfy the vector wave equation in cylindrical coordinates.
In the ensuing we consider impulsive horizontal and vertical tractions in horizontal planes of the form q j (r, h, t) ‫ס‬ q j (r, h) d (t), with j ‫ס‬ r, h, z, in which case we obtain the following results: 
in which the ḡ xz , ḡ zz functions are identical with those of the plane-strain case, and both are real.
Horizontal Load in Direction x.
cos h 1 p (r,h,t) ‫ס‬ ‫מ‬sin h q(r) d (t) ‫ס‬ T 1 q (r) d (t) (A18a) in which the ḡ xx , ḡ yy , ḡ zx are once more the same as for the two plane-strain cases, and are all real.
which we have modified as described in Park and Kausel (2004b) . Also, in comparison with the references on the TLM, we have changed for reasons of convenience the sign of the B l matrix, to simplify the conversion between Cartesian and cylindrical coordinates. Using the same overlapping operand defined in Part I (Park and Kausel, 2006) , the system matrices for the full stack of thin layers is found to be characterized by the real and symmetric block-tridiagonal rigidity matrix
The material matrices A and M are positive definite, G is positive semidefinite, and B is indefinite. It can also be shown that Ak 2 ‫ם‬ Bk ‫ם‬ G is positive definite for k ϶ 0, and semidefinite for k ‫ס‬ 0. Now, for any fixed value of the horizontal wavenumber k, the associated frequencies x j and normal modes j are obtained by setting the determinant of the system rigidity matrix to zero, that is, they follow from the standard eigenvalue problem When using linear elements in the TLM formulation, a model with n layers yields 2(n ‫ם‬ 1) eigenvalues, that is, j ‫ס‬ 1,2,•••2n ‫ם‬ 2. Because one of the matrices is positive definite and the other is semidefinite, all eigenvalues are real and nonnegative. Also, for k ‫ס‬ 0, there are two rigid-body modes x 1 ‫ס‬ x 2 ‫ס‬ 0 whose modal vectors consists of all equal components, namely a horizontal and a vertical rigid body mode. A readily available and highly efficient subroutine package for the solution of the tridiagonal eigenvalue 
